COLORING LINK DIAGRAMS BY ALEXANDER 

QUANDLES 



YONGJU BAE 

Abstract. In this paper, we study the colorability of link dia- 
grams by the Alexander quandles. We show that if the reduced 
Alexander polynomial A^(i) is vanishing, then L admits a non- 
trivial coloring by any non-trivial Alexander quandle Q, and that if 
Ai(t) = 1, then L admits only the trivial coloring by any Alexan- 
der quandle Q, also show that if Ai(i) ^ 0, 1, then L admits a 
non-trivial coloring by the Alexander quandle A/(A L (t)). 



1. Introduction and preliminaries 

In 1982, D. Joyce[9] and S. Matveev[10] denned the notion of quan- 
dle. A quandle is a non-empty set X equipped with a binary operation 
* satisfying the following three axioms: 

(Ql) For any x £ X, x * x = x. 

(Q2) For any x,y £ X, there is a unique element z £ X such that 
x = z * y. 

(Q3) For any x, y, z £ X, (x * y) * z — (x * z) * (y * z). 

The property (Q2) is equivalent to the following property that 
(Q2 ; ) There is a binary operation * : X x X — > X such that for any 
x, y £ X, (x * y)*y = (x*y) * y = x. 
A quandle homomorphism is a map between two quandles preserving 
the quandle operation. 

There are many quandles, see [2] [5] [6]. For example, let X be a 
subset of a group closed under conjugations. Then X is a quandle, 
called a conjugation quandle, under the operation x *y — y~ 1 xy for all 
x,y £ X. 

An important class of quandles are Alexander quandles. Let A = 
Z[t,t _1 ] be the Laurent polynomial ring over the integers. Then any 
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A-module M has a quandle structure, called an Alexander quandle, 
under the operation a * b = ta + (1 — t)b for a, b G M. An Alexander 
quandle is said to be finitely generated if its underlying abelian group 
is finitely generated. 

A coloring on an oriented classical knot diagram D by a quandle Q 
is a function C : R — )■ Q, where R is the set of over- arcs in the diagram, 
satisfying the condition depicted in the Fig. [TJ In the figure, a crossing 
with over-arc, r, has color C(r) = y G Q. The under-arcs are called r\ 
and r 2 from top to bottom; they are colored Ciji) = x and C(r 2 ) = 
x * y. Note that locally the colors do not depend on the orientation of 
the under-arc, and that any constant function C q : R — > Q at q G Q is 
a coloring by the Axiom (Ql), called the trivial coloring at q G Q. 

X y 

ri\ / r 
* x*y 

In 2001, A. InouejS] proved the following proposition. 

Proposition 1.1. Let p be a prime number, J an ideal of the ring A p 
andQ(K) a knot quandle. For each i > 0, weputei(t) = A^(t)/A^ +1 ' ) (t) ; 

where A^(t) is the i-th Alexander polynomial of K defined by the great- 
est common divisor polynomial of all (n — i + l)-th minor determinants 
of the Alexander matrix Ad obtained from the Wirtinger presentation. 
Then the number of all quandle homomorphisms of the knot quandle 
Q(K) to the Alexander quandle A p / J is equal to the cardinality of the 
module A p /J © ®^{Z p [t, r 1 ]/(e i (t), J)}. 

As a corollary, he showed that for an Alexander quandle A p / J and 
for a knot diagram K, there are only trivial colorings of a diagram of 
L by the quandle A p /J if and only if the ideal generated by J and 
Ax{t) is equal to A p , where p is a prime number. It is known that, 
for a finite quandle X, there is a one-to-one correspondence between 
quandle homomorphisms Q{K) — > X and colorings C : R — > X, see 

In this paper, we will study the colorability of link diagrams by 
Alexander quandles from the view point of the reduced Alexander poly- 
nomial of the given link. The reduced Alexander polynomial A^(t) 
of a link L is obtained from the multivariable Alexander polynomial 
A L (ti, ■ ■ ■ ,t^) by setting t x = • • • = t^ = t, where fi is the number of 
components of L. The following is the main results. 
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Theorem 1.2. Let Ai(t) be the reduced Alexander polynomial of a link 
L. 

(1) If /S. Lit) = 0, then L admits a non-trivial coloring by any non- 
trivial Alexander quandle Q. 

(2) // A L {t) = 1, then L admits only the trivial coloring by any 
Alexander quandle Q. 

(3) If A L (t) 7^ 0,1, then L admits a non-trivial coloring by the 
Alexander quandle A/(Aj,(£)). 

2. Linear Algebra with coefficient ring A and A/(f(t)) 

In this section we will study the properties of matrices whose entries 
are in A or A/(f(t)) : where f(t) is a fixed non-zero polynomial in A. 

Consider a system of linear equations whose coefficients are in A or 
inA/(/(f)). 



(*) 



/ an(t) ■■■ a ln (t) \ ( x x \ I \ 



\ a m i(t) ■■■ a mn (t) J \ x n ) 

For a non-zero polynomial a(t) in A, consider the following system 
(**) of linear equations which is obtained by multiplying a(t) to the 
j-th row. 

( an(t) ••■ ai n (t) \ 

I , , >. i ' 

a(t)etji{t) ■■■ a(t)a jn {t) 



V a ml (t) 



\ x n J 



\ J 



(t) J 



If we solve the systems with the coefficient ring A, clearly the equa- 
tions (*) and (**) have the same solution. But if we are working on 
A/(f(t)), we need to be careful. If a(t) is an unit element t n ,n e Z, 
then (*) and (**) have the same solutions. But, if a(t) is not a unit 
element, the solutions to (**) may not be solutions to (*). The fol- 
lowing lemma gives a characterization for which the equations (*) and 
(**) have the same solution. 

Proposition 2.1. (*) and (**) have the same solution as equations in 
A/(f(t)) if a(t) and fit) are relatively prime. 

Proof. Assume that a(t) and f(t) are relatively prime. Clearly any 
solution of (*) is a solution of (**). Conversely, if ( 
solution of (**), then, since a(t)aji{t)xi + • • • + a(t)aj n (t)x n = in 
A/(f(t)), there is k(t) e A such that, in A, 

a(t)(a jl (t)x 1 H h a jn (t)x n ) = f(t)k(t). 
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Since a(t) and /(£) are relatively prime, k(t) is a multiple of a(t), i.e., 
k(t) = k'(t)a(t) for some k'(t) G A. Hence, in A, 

a(t)(aji(t)a;i H h a in (t)x„) = f(t)k'(t)a(t), 

which is equivalent with 

aji(t)xi H h a jn (t)x n = f{t)k'(t) 

in A. Thus (21, • • • 



\T : 



is a solution of (*) 



□ 



We remind the reader about matrix theory with coefficients in a field. 
It is well-known that the solution of the system (*) of linear equations 
does not changed by the following elementary row operations, and that 
every matrix can be changed to a row-echelon form by using elementary 
row operations. 

1Z\ Row switching(a row within the matrix is switched with another 
row), 

IZ2 Row multiplication(each element in a row is multiplied by a 

non-zero constant) and 
7^-3 Row addition(a row is replaced by the sum of that row and a 

multiple of another row). 

For the matrices with coefficients in A or A/(/(£)), we modify the 
operation IZ2 as 

TZ 2 Row multiplication for A (each element in a row is multiplied by 
a non-zero polynomial oc(t)) 

TZ 2 Row multiplication forA/ (f(t)) (each element in a row is multi- 
plied by a non-zero polynomial a(t) with (a(t), f(t)) = 1) 

By Lemma 2.1, one can see that elementary row operations 1Zi,1Z 2 
and 7Z3 do not change the solution of the system (*), and that every 
matrix with coefficients in A or A/(f(t)) can be changed by a row- 
echelon form by using elementary row operations TZi,TZ 2 and 71%. We 
will use the terminology "rank" for the matrices with coefficients in A 
or A/(/(t)), too. 

Consider the system (*') of linear equations whose coefficient matrix 
A is in a row-echelon form. 

( a\(t) * * ■ ■ ■ * ■ ■ ■ * \ 
02 (t) ■•■ * ••■ • 



(*') 



AX : 



a k (t) 






j 



/ XI \ 


( ^ 


V x " J 


V / 



Proposition 2.2. (1) If rank(A) < n, (*') has infinitely many so- 
lutions. 



5 



(2) If rank(A) = n and if the coefficient ring is A, (*') has the only 
trivial solution. 

(3) If rank(A) = n and if the coefficient ring is A/(f(t)), then 

(i) if a,i(t) and f(t) are relatively prime for all i , then (*') has 
the only trivial solution; 

(ii) if there exist i such that a^t) and fit) are not relatively 
prime, then (*') has infinitely solutions. 

Proof. The result is trivial except the case (3) (ii) - For the case (3)(ii), 
consider a linear equation (t — l)x = in the coefficient ring A/((£ — 
l)(t 2 + l)). Even though , the equation rank(A) is 1 which is the number 
of indeterminants, it has infinitely many solutions: x = (t 2 + l)g(i) for 
any g(t) G A. By modifying the idea in this example, one can find 
infinitely solutions for (*') in the case (3) (ii) . □ 

Proposition 2.3. For A = (a^) an n x n-matrix with coefficients in 
A, if an ^ 0, then define 

an(0 aij(t) 

dji(t) Oij(t) 

for i,j with 2 < i < m and 2 < j < n. Let B be the (n — 1) x (n — 1)- 
matrix defined by B = (%). Then 

det(B) = a?f 2 det(A). 

Proof. By applying the elementary row operation (multiply an to 
the second row) and then applying the elementary row operation IZ3 
(between the first row and the second row), one can obtained the second 
row of the right matrix below. Notice that to do this, we need to 
use auxiliary row a 2 ix(the first row). By applying repeatedly these 
operations to the remaining rows, we get the matrix on the right below. 



bij(t) = det 



/ an(t) ai2(t) ■■■ ai„(t) \ 
a-2i(t) a 2 2(t) ■■■ a 2 „(i) 



V a n i(t) a n2 (t) ■■■ a nn (t) ) 



I a-n(t) ai2(t) ••• ai„(t) \ 
' 622 (t) ■■■ b 2n (t) 



V b n2 (t) ■■■ b nn (t) ) 



Since Tt^ operation does not change the determinant and such a TZ' 2 
operation gives a multiple of an to the determinant, we have the result 
by comparing the determinants of both sides. □ 

Remark 2.4. In the above proposition, if the entries in the first column 
have common divisor d(t), i.e., an = a' n (t)d(t), ■ ■ ■ ,a n i = a' nl (t)d(t), 
we can define 

a' u (t) aij(t) 
a'^t) Oij(t) 



bij(t) = det 
In this case, 



a n det(B) = (a^)™" 1 det (A). 
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3. COLORABILITY BY ALEXANDER QUANDLES 

Let Q be an Alexander quandle. Let (f) : B n — > GL(n,A) be the 
Burau representation for the braid group B n , which is defined by 



For a braid w G B n , suppose that the diagram of w, presented by the 
standard generators, is colored by Q. By reading the colors assigned to 
the top arcs of w in the given order, we get an element (ci, c 2 , • • • , c n ) 
in Q n . Similarly, by reading the colors assigned to the bottom arcs of 
w in the given order, we get another element (di,d 2 ,--- ,d n ) in Q n . 
We call the element (ci,C2, ■ ■ ■ , c n ) associated with the top arcs of w 
the coloring of the braid w G B„. By comparing the definition of the 
coloring and the definition of the Burau representation, one can see 
that 



Notice that the coloring (ci, c 2 , • • • , c n ) of w induces a coloring of the 
closure w if and only if (ci, c 2 , • • • , c n ) = (di, d 2 , • • • , d n ). 
For A G M(n, A) an n x n-matrix, we put 

E(A) = {(Ci, C 2 , ■ ■ ■ , Cn) G <3 n |v4(ci, C 2 , ■ ■ ■ , C n ) T = (Ci, C 2 , • • • , C n ) T }. 

Then for any w G £>„, E((f>(w)) ^ because (f)(w)(c, c, • • • , c) = 
(c, c, • • • , c) for all c G Q. 

Since 0(u>) G GL(n,A) C M(n,A) and Q a A-module, (f)(w) can 
be seen as a module homomorphism : Q n — >■ Q n defined by the 

matrix multiplication <f){w)(x) = <p(w)x for all x G Q n . Since E((p(w)) 
is the kernel of (0(u>) — id), it is a submodule of Q n . 

Let D be a diagram of a link L and Q an Alexander quandle. Let 
VCd(Q) be the set of all colorings on a link diagram D by Q. Define the 
addition of colorings and scalar multiplication by adding the quandle 
elements assigned on each arc of D by C\ and C 2 and by multiplying 
ait) to the quandle elements assigned on each arc of D by C\ where C\ 
and C 2 are two colorings on a diagram D and a(t) is in A. In [8], A. 
Inoue mentioned about the sum of colorings and scalar multiplication 
to colorings by the Alexander quandle A p / J. 

It is easy to show that VCoiQ) is a A-module under the addition and 
the scalar multiplication, and is isomorphic to the submodule E(<p(w)) 
of 4>(w) of Q n , where D is the diagram of the closure w given by the 
braid diagram. 



( 4-i o o o \ 

1 

t 1-t 

\ l rM J 



% — 1, • • • , n — 1. 



0(w)(ci,c 2) - • • ,c n ) T = (d 1 ,d 2 ,--- ,d n ) T . 
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Lemma 3.1. Let <p : B n — > GL(n,A) be the Burau representation and 
Q any non-trivial Alexander quandle. If the closure of a braid w G B n 
admits only the trivial coloring by Q, then rank(<f)(w) — id) = n — 1. 
In particular, if Q is torsion-free and finitely generated as a A-module, 
the converse holds. 



Proof. Suppose that rank(0(w) — id) < n — 1. By Proposition 2.2 there 
exist Xi(t), • • • , x n (t) G A, not all equal, such that non-zero polynomials 
of xi(t), ■ ■ ■ , x n {t) are relatively prime and 



(3.1) 



where d(w) — id 



( an 


ai n ^ 


( 


X1 (t) \ 


( ^ 






V 


x n (t) J 





an 



ai r 



Q>n\ ' ' ' Q"nn 

Let q G Q be any non-zero element. Since < q >= Aq ^ {0}, there 
is x(t) G A such that x(t)q ^ 0. Since rank(0(w) — id) < n — 1, b y 
taking x(t) as a solution corresponding to one of free- variables of (3.1 ), 
without loss of generality we may assume that xi(t)q, ■ ■ ■ ,x n (t)q are 
not all zero. Similarly one can assume that x\(t)q, ■ ■ ■ ,x n (t)q are not 
all equal. Since 

/ an(i) •■■ oi„(t) \ / xi(t)q \ ( au(t)xi(t)q + h ai„(i)xi(t)q \ / \ 



\ dnl(t) •■■ a nn (t) J \ x n (t)q J \ a„i(i)xi(t)q H h a„ n (i)xi(t)q ) \ J 

the coloring (xi(t)q, ■ ■ ■ , x n (t)q) of w by Q gives a non-trivial coloring 
of w by Q. 

Suppose that Q is finitely generated and torsion-free as a A-module 
Since Q is A-module which is an abelian group with a scalar multiplica- 
tion, if Q is finitely generated as an abelian group, by the classification 
theorem of abelian groups, we can see Q as A © • • • A © A/ J mi © • • • © 
A/ J mk where J mi is an ideal. Since Q is torsion-free, Q = Z © • • • © Z. 

Suppose that w admits a non-trivial coloring ((gn, • - • , <7im)j"" , 
) by Q, i.e., 

/ (on,-- - ,qi m ) \ ( (<),••• ,0) \ 
(<p( w ) ~ id) • 

\ (9nl, ' ' ' ,9tim) / 



Since ((an, • • • ,g im ), 
exists j such that g^, ■ 



V (o,-- -o) J 

5 (<Zni> ' ' ' ) 9nm) is non-trivial coloring, there 
g jn are not all equal. Since, in A, 



4>{w) 



{ qjl \ 

V ?J'n / 



V 9jn / 
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and since the equation (<p(w) — id)x = has two linearly independent 
solutions (qji, ■ ■ ■ , g jn ) and (1, • • • ,1), rank(0(u>) — id) < n — 1 by 
Proposition |2.2 □ 



(j){w) = C 



C for some C G GL(n,A), and 



It is known that, for a braid word w G B n , 
(f> (w) * 
1 j 

det(0(w) - id) = (1 + 1 + ■ ■ ■ + * n-1 )A L (t) 

where L is the closure of w and Ai,(t) is the reduced Alexander poly- 
nomial of the link L, seep], [3]. 

Theorem 3.2. If the reduced Alexander polynomial A^(t) of a link L 
is zero, then L admits a non-trivial coloring by any Alexander quandle 

Q. 

Proof. Suppose that L is the closure of w G B n . Let (f> : B n — )■ GL(n, A) 

(w) — id * 


and det(0(» -id) = (1 +t + • • • +t n - 1 )A L (t), A L (t) = if and only if 
det(0(if) — id) = if and only if rank(0(w) — id) = rank(0(u>) — id) < 
n-2. 



be the Burau representation. Since (j)(w)—id = C 



c- 1 



By Lemma 3.1, L admits a non-trivial coloring by any Alexander 
quandle Q. □ 

Example 3.3. L9n27 is the closure of w = o^a^crla^ 1 0-^20^ 1 a~ 2 a~jf 1 a"2 G 
B4, and its Alexander polynomial is vanishing. By the matrix calcula- 
tion, one can see that (<fi(w) — id) can be changed to the following by 
the elementary row operations 1Zi,1Z' 2 and 7^3. 



-l+4t-3t z +t J 



-1 + At - 3t 2 + t 3 






72 



-l+t 
t 

(-l+t) 3 



Since rank(0(u>) 






id) = 2, (4>{w) — id)(x\, 22, £3, x^) T = (0,0,0,0) T 
has non-constant solutions, e.g., (t, 1,0,0) and (1 — 2t,— 1,1,1). For 
any Alexander quandle Q and q G Q, by coloring the top strands of 
the braid w by (1 — 2t)q, —q, q and q in the given order, one can obtain 
a non-trivial coloring of L9n27 by Q whenever (1 — 2t)q, —q, q are not 
all equal in Q. 

It is well-known that if L is a split link, then A^(t) = 0, but the 
converse does not hold. There are 11 prime links with up to 11 cross- 
ings whose multi-variable Alexander polynomial is 0: L9n27, L10n32, 



L10n36, L10nl07, Llln244, Llln247, Llln334, Llln381, Llln396, 
Llln404 and Llln406 in Thistlethwaite Link Table. One can see that 
dim E(4>(w)) = 2 for the above 11 links, where w is the braid presen- 
tation of the link given in Thistlethwaite Link Table. 

Now, assume that the reduced Alexander polynomial A/,(t) of L is 
non- vanishing. If A/,(t) = 1, L admits only the trivial coloring by the 
quandle A/(A L (t)) because A/(A L (t)) = {1}. 

Theorem 3.4. Let L be a link with non-trivial and non-vanishing re- 
duced Alexander polynomial A^(t). Then L admits a non-trivial color- 
ing by the Alexander quandle A/(A^(t)). 

Proof. Let w G B n be a braid presentation of L. Let <fi : B n — > 
GL(n,A) be the Burau representation. Observe that the sum of en- 
tries in each row of the matrix (<j)(w) — id) is zero. Since A^(t) ^ 0, 
rank(0(u?) — id) = n — 1, so that {<f){w) — id) can be changed to the 
matrix of the following form by elementary row operations 1Zi,1Z' 2) 71%, 
see Proposition 2.3| and Remark 2.4| 



'an(t) 








au(t) a 13 (t) 
a 22 (t) a 23 (t) 
a 3S (t) 













ai(n-l)(t) 
«2(n-l)(^) 
«3(n-l)(i) 



a in (t) 

a 2n (t) 
a 3n (t) 



O( n -l)(n-l)(0 a(„_i) n (t) 




Since the sum of each row entries is zero, it is enough to solve the 
following system: 



(3.2) 



On(t) a 12 (t) a 13 (t) 
(122 (*) Q23(t) 

a 33 (t) 



a l(n-l)(*) 
a 2(n-l)(*) 
a 3(n-l)(*) 



a (n-l)(n-l)(*). 



\ X n -l{t) J 



( \ 



V J 



By applying Proposition |2.3| inductively, we have 

o-n(t)a 22 (t) ■ ■ ■ a( n _i)( n _i)(t) 

= a u {t) n - 2 a 22 {t) n ~ 3 ■ ■ • a (ri _2)(„-2)(t) 1 det(0(w) - id) 

Since det(0(w) — icf) = Al(1;)(1 + £+••• + i n_1 ), there exists j such 
that ajj(t) is not relatively prime with Ai(t). If ajj(t) is a multiple of 
Ai(t), it is zero in A/(A^(i)) so that the rank of the coefficient matrix 
is less than n — 1. By Proposition 2.1[ 1), the system 3.2 has infinitely 
many solutions. 
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If all diagonal entries which are not relatively prime with Ax,(i) are 
not a multiple of Ai(t), then the rank of the coefficient matrix is n — 1. 
By Proposition 2.1[ 3)(ii), the system 3.2 has infinitely many solutions. 



□ 

Remark 3.5. From the proof of the above theorem, one can see that 

(1) if f(t) is a factor of Ai,(t), then L admits a non-trivial coloring 
by the Alexander quandle A/(/(£)). 

(2) in particular, if f(t) is irreducible, then only one diagonal entry 
will be zero in A/(/(£)) so that rank(0(u>) — id) = n — 2 in 
A/(/(f))- 

(3) if rank(0(u>) — id) = n — 2 in A/ (fit)) and if (xi(t), ■ ■ ■ , x n (t)) 
is a non-trivial coloring of w by A/ (/(£)), all colorings of w 
by A/(f(t)) are linear combinations of (xi(t),--- ,x n (t)) and 
(1) " " ,!)• 

Example 3.6. The knot 815 is the closure of w — ^a^Vi chafers in 
B 4 and its Alexander polynomial is A 8l5 (t) = 3 - St + lit 2 - St 3 + 3t 4 = 
(3t 2 - 5t + 3)(1 - t + t 2 ). Notice that - id) can be changed to 

the following matrix by elementary row operations TZ\, TZ' 2 , 

2 + 2t-t 2 - {-2t 2 - 1 + 3t + t 3 ) (-1 +t) 1-t Gt 2 + 2 - 5t- 3t 3 + t 4 

(-t + 1 + t 2 ) (t 2 - 3t + 3) t-l-t 2 -6t 2 + 5t - 2 + 4t 3 - t 4 

3i 2 -5t + 3 5t-3t 2 -3 



Note that every diagonal entries of the above matrix can not be zero in 
A/ (A 8l5 (t)) so that rank(0(w) — id) = n — 1. Since the second and the 
third diagonal entries are not relatively prime with A 8l5 (t), 815 admits 



infinitely many non-trivial colorings by A/ (A 8l5 (i)) by Proposition 2.1 
For example, the colorings (5t - 3t 2 - 3, (-1 +t)(3t 2 - 5t + 3), 0, 0) and 
(t(5t — 3t 2 — 3), 5t — 3t 2 — 3, 0, 0) of w give non-trivial colorings of 815. 

For the irreducible factor (1 — t + t 2 ) of A 8l5 (t), only the second 
diagonal entry is zero in A/(l — t + t 2 ) so that rank(0(w) — id) = n — 2. 
Note that (1, 1 — t, 0, 0) is a non-trivial coloring of 815 by A/(l — t + t 2 ), 
and that all colorings of 815 by A/(l — t + t 2 ) are linear combinations 
of (1,1 -t, 0,0) and (1,1,1,1). 

For the other irreducible factor (3t 2 — 5t + 3) of A 8l5 (t), one can 
obtain the similar result. Indeed, (— t 2 + 1, 1, t 2 — 3t + 3, 0) is a non- 
trivial coloring of 815 by A/(3 — 5t + 3t 2 ), and all colorings of 815 by 
A/(3 - 5t + 3t 2 ) are linear combinations of (-t 2 + 1, 1, t 2 - 3t + 3, 0) 
and (1,1,1,1). 

Remark 3.7. Suppose that fit) is an irreducible factor of A L (t) with 
multiplicity k. Then f(t) can be distributed over the k diagonal entries 
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of the matrix (3.2), in maximum, so that 

n — k — 1 < rank(0(u>) — id) < n — 2. 
In particular, if f(t) is with multiplicity 1, then rank(0(w) — id) = n — 2. 

Example 3.8. (1) For the trefoil knot 3 X = of, A 3l (t) = 1 - t + t 2 
is irreducible, and hence rank(0(w) — id) = 0. Hence one can choose 
any non-constant element, say (1,0), in (A/(A3 1 (t))) 2 as a non-trivial 
coloring of 3i (the first arc is colored by 1 and the second by 0). Since 
{(1, 0), (1, 1)} generates (A/(A 3l (t))) 2 , every element of (A/(l-t+t 2 )) 2 
can be a coloring of 3i. 

(2) The knot 820 is the closure of w = crfcr^ a^a^ i n -64 an d 



2\2 



A 8ao (t) = 1 - 2t + 3t 2 - 2t s + t 4 = (1 - t + t , 

One can see that (4>(w) — id) can be changed to the following row- 
echelon form by elementary row operations TZi, 1Z' 2 , 1Z%. 








i-i+ty 



1-1+1^ 



Note that rank(0(u>) — id) =2 in A/(Ag 20 (£)). By Proposition |2.1 , 820 



admits a non-trivial coloring by Q = A/ (Ax,(i)), e.g., (1 — t + t 2 , 0, 0). 
Note that, in A/(l — t + 1 2 ), rank(0(w) — zrf) = 1 and that (1, 0, 0) is a 
non-trivial coloring of 820 by Q = A/(l— t+t 2 ), and hence every coloring 
of 8 20 by Q = A/(l -t + t 2 ) is of the form a(t)(l, 0, 0) + p(t)(l, 1, 1) = 
(a(t)+ P(t),f3(t),m)- 
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Non- Trivial Coloring Table. 

The table in the last page is a list of non-trivial colorings, in which 
we used the braid notations and Alexander polynomials in Knotlnfo: 
Table of Knot Invariants [7j. In the table, the tuple in the column 
"non-trivial coloring by the Alexander quandle A/(A^(t))" denotes a 
coloring of the braid, by the Alexander quandle A/(A L (t)), whose top 
arcs are colored by the tuple in the given order. Such a coloring of the 
braid gives a coloring of the link. All other colorings are obtained by 
linear combinations of them with the trivial coloring (1, 1, • • • ,1). 



Non- Trivial Coloring Table 



Name 


non-trivial coloring by Alexander quandle A/(A^(i)) 


3i 


(1-0) 


4i 


(-1 +t,-l + 2t,0) 


5i 


(1,0) 


5 2 


(3*- 2,4- 2t,0) 


61 


(2t - 1,-1 + t,3t - 2,0) 


62 


(t 3 - 2t 2 + 2t - 1, 2t 3 - 2t 2 + 2t - 1, 0) 


63 


(-t 2 + 2t - 1, -2t 2 + 2t - 1, 0) 


7i 


(1,0) 


7 2 


(lit - 12, -5i + 3, 6* - 9, 0) 


7 3 


(t 3 - t 2 + 3t - 2, -2t 3 + 2t 2 - 2t + 4, 0) 


7 4 


(-53* + 76, 56t - 32, -96t + 128, 0) 


7 5 


(-t 3 + 2t 2 - 2i, U - 4t 2 - 4 + 2t 3 , 0) 


7e 


(3t 3 - 6t 2 + 5t - 1, 4t 3 - 6t 2 + 5* - 1, -4t 2 - 1 + 4i + 2i 3 , 0) 


7 7 


(2t 3 - 7i 2 + 5t - 1, 2t 3 - 8t 2 + 5t - 1, -6t 2 + 2t 3 - 1 + 4t, 0) 


81 


(2i - 2,3t - 2, -1 + t,4t - 3, 0) 


82 


(t 5 - 2t 4 + 2t 3 - 2t 2 + 2t - 1, i 5 - 2t 4 + 2t 3 - 2t 2 + 2t - 1, 0) 


83 


(I3t - 12, 2lt - 12, 5t - 4, 29i - 20, 0) 


84 


(5t 3 - t 2 + 3t - 2, t 3 - t 2 + 3t - 2, 9t 3 - 9t 2 + lit - 6, 0) 


85 


(t 3 - t 2 + 1 - l,2t 3 - t 2 + t - 1,0) 


8e 


(2t 3 - 2t 2 + 2t - 1, t 3 - 2t 2 + 2t - 1, 3t 3 - 4t 2 + 4i - 2, 0) 


87 


\-t A + 2t 3 - 2t 2 + 2t - 1, -2t 4 + 2t 3 - 2t 2 + 2t - 1, 0) 


8s 


(-2t 2 + 2t - 1, -t 2 + 2t - 1, -3t 2 + 4t - 2, 0) 


89 


(i 3 - 2t 2 + 2t - 1, 2t 3 - 2t 2 4- 2i - 1, 0) 


810 


(-t 4 + 2t 3 - 3t 2 + 2t - 1, -2t 4 + 3t 3 - 3t 2 + 2t - 1, 0) 


811 


(3t 3 - 5t 2 + 5t - 2, 2t 3 - 5t 2 + 5t - 2, 4t 3 - 6t 2 + 5t - 2, 0) 


812 


(t 3 - 4t 2 + 3t, t 3 - 4t 2 + 2t, -it 2 + 4t + t 3 - 1, 2t 3 - 8t 2 + 6t - 1, 0) 


813 


(-3t 3 + 3t 2 - 5t + 2, -3t 3 + 7t 2 - 5t + 2, -3t 3 - t 2 + 3t - 2, 0) 


814 


(3t 3 - 5t 2 + 5t - 2, 2t 3 - 5t 2 + 5t - 2, 4t 3 - 7t 2 + 6t - 2, 0) 


815 


(5t - 3t 2 - 3, (-1 + t)(3t 2 - 5t + 3), 0,0), (t(5t - 3t 2 - 3),5t - 3t 2 - 3,0,0) 


816 


{-2t 4 + 3t 3 - 4t 2 + 3t - 1, t 5 - 4t 4 + 5t 3 - 5t 2 + 3t - 1, 0) 


817 


(2t 3 - 3i 2 + 3t - 1, -t 4 + it 3 - 4t 2 + 3t - 1, 0) 


818 


(2t - l,t 3 - 2t 2 + 3i - 1,0) 


819 


(i, -t 2 + t + l,0) 


820 


(1 - t + i 2 , 0,0) 
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